Influence of the weak electric field on the electronic structure of the Fibonacci superlattice is considered. The electric field produces a nonlinear dynamics of the energy spectrum of the aperiodic superlattice. Mechanism of the nonlinearity is explained in terms of energy levels anticrossings. The multifractal formalism is applied to investigate the effect of weak electric field on the statistical properties of electronic eigenfunctions. It is shown that the applied electric field does not remove the multifractal character of the electronic eigenfunctions, and that the singularity spectrum remains nonparabolic, however with a modified shape. Changes of the distances between energy levels of neighbouring eigenstates lead to the changes of the inverse participation ratio of the corresponding eigenfunctions in the weak electric field. It is demonstrated, that the local minima of the inverse participation ratio in the vicinity of the anticrossings correspond to discontinuity of the first derivative of the difference between marginal values of the singularity strength. Analysis of the generalized dimension as a function of the electric field shows that the electric field correlates spatial fluctuations of the neighbouring electronic eigenfunction amplitudes in the vicinity of anticrossings, and the nonlinear character of the scaling exponent confirms multifractality of the corresponding electronic eigenfunctions.
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Introduction
Statistical properties of the electronic states in nanosystems are a subject of great interest (see, for example, Refs. [1, 2, 3, 4] and the references therein). Partially it is due to the progress of experimental methods of nanophysics which allows to intentionally fabricate high-quality heterostructures consisting of alternating layers of different materials [5, 6, 7, 8] . The thickness of each layer can be controlled during the growth process with accuracy of one atomic monolayer, so that one can fabricate multilayer systems (superlattices) with the desired geometrical parameters of layers and well defined interfaces. In this way periodic as well as disordered multilayer systems can be obtained by the sequential deposition of layers with different thickness of material.
An intermediate case between periodic and disordered multilayer systems corresponds to aperiodic order of layers [9, 10] . Such structures are intentionally generated by the deposition of layers of two different materials according to the Fibonacci, Rudin-Shapiro, Thue-Morse, etc. sequences [11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 21, 22, 23] . Experimental as well as theoretical studies of these superlattices are concentrated on the consequences of the long-range correlations induced by the aperiodic arrangement at a length scale longer than atomic one [24, 25] . In particular, this problem has been extensively investigated in the Fibonacci superlattices which are regarded as a typical example of aperiodic systems [26, 27, 28] . In these studies, it has been found that the wave functions of one-particle states are critical, i.e. nor extended neither localized [29] . Further studies have shown that the decay of the envelope wave function obeys the power law and its structure can be regarded as a multifractal resembling the case of electronic wave functions in disordered systems at the mobility edge [1, 2, 30] . The shape of the wave function is highly fragmented in the finite Fibonacci superlattice, and in the limit of infinite Fibonacci superlattice corresponds to a self-similar Cantor set with zero Lebesgue measure [31, 32] .
The purpose of this work is to examine the effect of the nonlinear dynamics of the energy levels driven by weak electric field on the global as well as local electronic structure of the finite semiconductor Fibonacci superlattice made of two different semiconductor layers. Energy spectrum of this superlattice is particularly interesting in weak electric fields where anticrossings lead to closing of the energy gaps [33, 34, 35] . Particular attention is paid to the effect of this nonlinear dynamics of energy levels on spatial fluctuations of the electronic wave function amplitudes and their spatial extents.
In the systems with broken translational symmetry the multifractal analysis provides deep insight into the nature of the electronic wave function [36, 37, 38, 39, 40, 41, 42, 43] and allows to explore the localization phenomena in the presence of the electric field.
Although the results of the present work are related to the semiconductor superlattice, they can be also generalized to other aperiodic superlattices, e.g. photonic or phononic band gap structures under influence of appropriate perturbations [44, 45] .
The paper is organized as follows. In Sec. 2, we present the model of the Fibonacci superlattice and the methods of its analysis, in Sec. 3, we present the results and discussion, and the conclusions are presented in Sec. 4.
Model of the Fibonacci superlattice and the methods of analysis
We consider the semiconductor aperiodic superlattice generated according to the Fibonacci sequence of two different semiconductor layers made of Al 0.3 Ga 0.7 As and GaAs [13, 22] . The differences in the bandgaps of Al 0.3 Ga 0.7 As and GaAs semiconductor layers lead to the discontinuities in the conduction as well as valence band edge profiles at the interfaces [46] . This creates the effective potential energy that consists of the set of barriers and potential wells distributed along the growth axis of the semiconductor superlattice (Fig. 1) . The conduction-band potential energy V (x) is modelled by the superposition of the powerexponential potentials in the form [47] 
where N is the number of Al 0.3 Ga 0.7 As barriers located at positions x i and having height V 0 , with parameters c and p characterizing the shape of barriers. The positions of barriers, x i , are distributed according to the binary Fibonacci sequence generated over set {0, 1} using the following inflation rules [48, 49] : 0 −→ 01, and 1 −→ 0. These rules allow us to obtain the sequence (0, 1, 0, 0, 1, 0, 1, 0, 0, 1, 0, . . .) of any desired length. In our notation 1 corresponds to Al 0.3 Ga 0.7 As layer (barrier) and 0 corresponds to a single GaAs layer having the same width as the barrier. The envelope wave function of one-particle electronic eigenstate of the Fibonacci superlattice can be found by the solution of the Schrödinger equa- tion within the effective mass approximation
where m * is the effective mass of the conduction band electron.
The Schrödinger equation (2) with the potential energy V (x) given by equation (1) and the Dirichlet boundary conditions, ψ(0) = ψ(L) = 0 (where L is the size of the computational box), constitutes the eigenvalue problem which can be solved numerically. This form of the boundary conditions allows us to neglect the complexity of the energy spectrum due to the surface states.
The energy spectrum of the Fibonacci superlattice formed from a finite number of barriers and quantum wells is characterized by the density of states which can be expressed as follows
This quantity gives only global properties of the system, whereas the local properties can be described by the local density of states which directly explores the local amplitude of the electronic wave function for a given energy. The local density of states (LDOS) is defined by the formula
where ψ n (x) is the normalized electronic wave function of the n-th eigenstate.
One of the most characteristic properties of the electronic states in the finite Fibonacci superlattice are the self-similar spatial fluctuations of the electronic wave function amplitude which stem from the aperiodic distribution of the barriers and wells in the system. These fluctuations can be analyzed by the multifractal formalism which allows one a deeper insight into their nature. An essential ingredient of the multifractal formalism is the normalized probability measure of the wave function in the k-th box B k of linear size ε,
The multifractal analysis of the electronic wave functions in the Fibonacci superlattice can be performed efficiently by applying the box-counting procedure [50, 51] with condition: a ε L (a is the lattice constant). The normalized q-th moment of the probability measure of the wave function is given by the formula
where N (ε) = L/ε is the number of boxes. For each value of the scaling index q we can determine the singularity strength according to the formula
and the corresponding singularity spectrum in a parametric representation as follows
where δ = ε/L is the ratio of the box size to the system size. The singularity spectrum f (α n ) gives an accurate description of the multifractal properties of the probability measure of the wave function. Instead of the singularity spectrum, we can equivalently consider a hierarchy of generalized dimensions of the wave function. It stems from the fact that the generalized dimension D n (q) is related to the singularity spectrum by the formula
For the integer values of the scaling index q, the generalized dimensions of the wave function have a physical meaning [52] . A particularly interesting generalized dimension corresponds to q = 2 when it is known as the correlation dimension of the wave function. Its significance results from the relation to the density-density correlation function and the inverse participation ratio (IPR) which is a measure of the spatial extent of the eigenstate and can be used to describe the localization properties of the electronic eigenstates in real space [53] . It is an important point since the localization length cannot be defined through the exponential spatial decay of the electronic wave function in the finite aperiodic or disordered superlattices. This fact is a consequence of the strong spatial fluctuations of electronic wave function amplitude and therefore a more adequate description is based on the spatial extension of the wave functions given by the IPR parameter [49, 54, 55] ,
A combination of equations (7), (8) and (9) leads to the relation between the generalized dimension of the electronic wave function and the scaling exponent, τ n (q), for the q-th moment of the probability measure [43] , namely
Deviation of the scaling exponent from the linear function of q signals the multifractality of the electronic state.
In the limit of weak electric field, the interband transitions can be neglected and the influence of the electric field on the electronic states of Fibonacci superlattice can be considered by including an additional perturbation in the form
where e is the elementary charge, and F is the external homogeneous electric field applied along the growth axis of the system.
In fact, the weak electric field is treated nonperturbatively as a parameter which produces the motion of the energy levels as it is shown in Figure 2 . For the considered superlattice the level repulsion leads to the formation of anticrossings in the energy spectrum, which is a simple consequence of the dimensionality of the system and the Dirichlet boundary conditions applied to the Schrödinger equation.
Introducing the perturbation to the Schrödinger equation (2) finally leads to the equation
which allows us to investigate the effect of weak electric field on the global (energy spectrum, DOS) as well as local properties (LDOS, spatial fluctuations of the wave function amplitude) of the finite Fibonacci superlattice.
Numerical results and discussion
Using the model of the finite Fibonacci superlattice described in Sec. 2 we have investigated its global as well as local electronic properties in the limit of weak electric field. All numerical values of the physical quantities which are considered here are given in the atomic units, i.e.,h = |e| = m 0 = 1. The parameters of the model potential defined in equation (1) are taken to be V 0 = 0.27 eV = 0.01 a.u., c = 1.5 nm = 28.3 a.u., and p = 10, which means that the system consists of Al 0.3 Ga 0.7 As barriers having width of 3 nm and separated by GaAs layers of 3 nm or 6 nm width (the latter in case of two consecutive zeros in the Fibonacci binary sequence). The number of barriers is N = 100 and the constant effective mass approximation is used with the value of m * equal 0.067m 0 . One of the characteristic features of the obtained energy spectrum is the presence of minibands with fractal structure (Fig. 3) . When the electric field is increased these minibands become broader, with a nonuniform distribution of the energy levels occurring during the entire process. It is the reason why darker and lighter areas corresponding to dense and rare subsets of the levels are present within the bands in Figure 3 showing the influence of the elec- On the other hand, the general structure of the LDOS is not altered and the effect of the electric field is restricted to the change of the slope along the horizontal axis (see Figure 4 presenting how the electric field modifies LDOS, which leads to the previously mentioned broadening of the minibands). The presence of the anticrossings between the energy levels is the direct cause of the nonuniform structure of the energy spectrum as well as the density of states function [35] . In the region of anticrossings, the electronic wave functions change the degree of localization measured by the IPR parameter. Figure 5 shows the IPR parameter for electronic eigenstates of the Fibonacci superlattice as a function of electric field. The lowest degree of localization is observed in the absence of the electric field, but in contrast to finite periodic systems the localization degree is not simply increasing with the electric field. In case of the finite Fibonacci superlattice the observed behaviour is much more complex. Instead of the successive states with very similar IPR dependence on the electric field, we can notice that for a chosen value of the electric field the highly localized states are separated by the states with much weaker localization.
Therefore, the electric field affects the degree of localization, which in turn results in the change of the spatial fluctuations of the wave function. In order to explain the relation between the increasing electric field and the modification of the spa- tial fluctuations of the wave functions we have performed a detailed analysis of the lowest energy levels, i.e. the ground-state level and the first two excited state levels. It should be noted, that each level is changed not only by the external electric field, but also by the coupling to the nearest energy levels. As a result, a nonlinear dependence of the energy levels on the electric field is observed. The distances between the energy levels n and n + 1, calculated for n = 0, 1, 2, are presented in Figure 6 . The neighbouring states tend to change their positions in such a way that the distances between them increase or decrease alternately. This kind of analysis may be also generalized for higher energy levels, however, in this case a large number of anticrossings is observed which makes the analysis not particularly suitable for the purpose of the clear explanation of the phenomenon. For this reason the further discussion focuses on the regions of anticrossings labelled by (a)-(f) in Figure 6 . Figure 6 presents also the values of IPR parameter calculated for the corresponding states in the same range of the electric field. For the values of the electric field at which the anticrossings are observed, i.e. values of (E n+1 − E n ) have minima, also the values of IPR parameter for n and n + 1 The difference between the maximal and minimal singularity strengths, α max − α min , for the first four lowest energy levels, n = 0, 1, 2, 3, with letters (a)-(f) denoting the positions of anticrossings (see also Figure 6 ).
have local minima. It means that the electronic wave functions matching those levels become less localized and occupy a larger region of space due the coupling between the closely lying levels. The further study of the properties of electronic wave functions corresponding to the chosen states is based on the multifractal analysis. The values of the singularity strength α n and the corresponding singularity spectrum f (α n ), parametrized by the electric field, defined in equations (7) and (8), are calculated using the standard 'box-counting' procedure repeated for the values of the electric field changing from 0 up to 10 −8 a.u.
The f (α n ) spectrum for the Fibonacci superlattice is found to be strongly asymmetric when no electric field is applied, as it is shown for n = 0 in Figure 7 . However, while f (α n ) is broadened when the electric field is present, the minimal value of the singularity strength, α min , remains almost con-stant and close to zero, which is its minimal possible value. This fact may be connected with the nature of the discussed eigenfuctions, which have the localized peaks almost not affected by the increasing electric field, as it can be seen in Fig. 4 . Similar behaviour is observed also for higher eigenstates (see the lower panel of the Figure 7) , and resembles freezing of the α min value occurring in disordered systems [56] .
As a result, the value (α max − α min ) is not an objective measure of the electronic wave function localization [57] in the case of this type of Fibonacci sequence-based systems under influence of the electric field, which is clearly visible from the comparison with the values of the IPR parameter calculated for the same states (Fig. 6) . Moreover, the first derivative of (α max − α min ) is not continuous at the values of the electric field where the anticrossings between the energy levels are observed. In light of these results, we rather think that for this kind of systems, the value (α max − α min ) can be used to detect the local minima of the IPR parameter or equivalently to detect the anticrossings in the energy spectrum.
The multifractal character of the electronic wave function in the finite Fibonacci superlattice and the influence of the weak electric field becomes much more visible in Figure 8 , where the q dependence of the scaling exponent, τ n (q), for a few lowest electronic states is presented. In all cases the scaling exponent is a convex function, monotonically increasing with q. The electric field modifies the slopes of the considered scaling exponents: to a larger extent for negative q, whereas for positive values of q the changes of the slope are much smaller. This type of changes of the slopes is related to marginal values of the singularity strength [2] , α min (being almost constant as a function of the electric field) and α max (increasing notably in the electric field).
Changes of D n (q) in the electric field are also noteworthy, as it is shown in Figure 9 . In general, D n (q) decreases nonlinearly with q and reaches a constant for q → −∞, however the value strongly depends on the state number on the other hand. For q → +∞, D n (q) tends to a constant value, but the dependence of this value on the electronic state is rather weak. The nonlinear decrease of D n (q) with increasing q is a presage of the wave function multifractality [43] . In the following discussion we present results obtained for 1 < q < 3 which is the range where the fluctuations are mostly pronounced. Figure 9 shows the generalized dimension calculated in the vicinity of the anticrossings marked in Figure 6 . D n (q) decreases with q, but it has maxima when analyzed as a function of the electric field. The maximal values of D n (q) appear at the same values of the electric field as the anticrossings and are accompanied by the minima of IPR parameter. It leads to the conclusion that the maximum of the generalized dimension D n (q) as a function of the electric field corresponds to the decrease of the wave function localization degree. Moreover, if we analyze the surfaces of D n (q) for both states involved in the anticrossing and plot them as functions of q and the electric field F , it turns out that they cross and this crossing does not take place at the same value of the electric field for all values of q. The curve defined by the crossings that joins points for which the generalized dimensions are the same for the two discussed states, corresponds to the equality of the generalized moments µ nk of the probability densities of the electronic states which are equivalent to the intensity fluctuations [58] . 
Concluding Remarks
In the present paper, we have investigated the influence of the weak homogeneous electric field on the one-electron states in the finite superlattice generated according to the Fibonacci sequence of two types of semiconductor layers. For clarity of presented analysis only a few lowest-energy eigenstates have been considered in details, but conclusions can be generalized for higher-energy eigenstates.
We have shown that the nonlinear character of the energy levels dynamics results from the large number of anticrossings. Therefore the energy spectrum of the Fibonacci superlattice and the density of states are nonuniform in the limit of weak electric field. In the vicinity of the anticrossings, the inverse participation ratio of the electronic wave functions for individual electronic eigenstates possesses minima. These minima of the inverse participation ratio are related to the maxima of generalized dimension calculated as a function of electric field, that are observed for 0 < q < 3 in the vicinity of the anticrossings. Moreover, we have shown that the change of the spatial extent of the electron wave function in the vicinity of the anticrossings is preceded by the correlation between the spatial fluctuations of wave functions corresponding to the electronic eigenstates participating in the anticrossings.
The relation between the positions of anticrossings and the properties of the singularity spectrum has been revealed, and the difference between the maximal and minimal values of the singularity strength has been found not to be a proper measure of the spatial extents of electronic wave functions in the presented case. Quite surprisingly, we have found the discontinuity of the first derivative of the difference between marginal values of the singularity strength for the values of the electric field where the local minima of inverse participation ratio exist. We have also shown that a strong asymmetry of the singularity spectrum is preserved for all considered values of the electric field, although the electric field modifies the shape of the spectrum. This analysis of the relations between the singularity spectrum and the scaling exponents, together with the calculated generalized dimensions, have allowed us to show that the multifractal character of the electronic wave functions in this type of Fibonacci sequence-based systems is not destroyed by the weak electric field.
The results presented above correspond mainly to one arbitrarily chosen length of the Fibonacci sequence used as a basis for the model potential. Our further numerical studies performed for several different sizes of the systems show that the same characteristic features are observed, and thus we have decided to choose a typical example allowing the detailed analysis.
We hope that the presented results can be useful in a deeper understanding of the nonlinear properties of the energy spectrum in the aperiodic photonic, phononic or semiconductor superlattices under influence of an appropriate external perturbation and motivate the experimental verification of the results.
